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ABSTRACT

Methods of computation and error estimates are presented for numerical
approximation of selected meteoroloeical parameters used in the
solution of cloud physics prouleme. These parameters are latent
heat, saturation vapor pressure, dew point and wet bulb temperatures,

specific heat of liquid water, temperature of 'he lifting condensation
level, changr. in mass of freely falling water drops, and saturation-
adiabaiic temperatures. The FORTRAN programming language listings
of the approximations are pruvided in the Appendix.
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I NTRODUCTI ON

The application of techniques for numerical simulation to
various meteorological processes requires that many meteorological
parameter descriptions be subject to individual approximation.
Thus, the accuracy and adequacy ot the descriptions are
dependent on the requirements of the individual "simulator."
In many cases the importance of the meteorological parameter
description is subordinate to s.me broader scale problem; as
such, if the description is deemed adequate, it is normally
used without explanation or comment. As a consequence
there are many methods available for the description of
meteorological parameters, but there is a paucity of information
on how well they describe the parameters. If the accuracy
must be known, then the investigator must either construct
his own approximation or ascertain the accuracy of some
available -,)proximation, either of which can detract from
the solutio, )f a larger problem.

This report contaiozs descriptions of numerica! approximating
techniques for meteorological parameters required by the author
and his associates in: conjunction with numerical modeling efforts
concerning clouds and fogs [], [2], [3], [4]. This presentation
is made so that there m;ght be a ready reference to a set
of approximating methods and the accuracies associated with
the calculated parameter values.

The numerical approximations are divided into two groups:
(I) descriptions of meteorological parameters, per se; and (2)
descriptions of meteorological parameters associated with a I
meteorological process. The firsT group covers the latent
heats of water, the saturation vapor pressures of water, the
dew point and wet bulb temperatures, and the specific heat of
liquid water. The second group covers the temperature of the
lifting condensation level, the change of mass of freely
falling water drops, and the temperatures resulting from
saturated adiabatic processes. The method of approximation
and the source of comparative values, as well as the error
as determined relative to the comparative values, is provided for
each parameter. The units for the comparisons are those of the
comparative basa, where applicable. In those cases where comparative
values are not available, the basis of the accuracy given is discussed.
When percentage errors are given the value presented is calculated
from



Percentage Error = 100 Calculated value-Reference value (I)

Reference val ue

The FORTRAN programming languace listing of the approximations
is provided in the Appendix in either FUNCTION STATEMENT or
SUBROUTINE form as aporzpriate.

METEOROLOGI CAL PARAMETERS

The meteorological parameters described in this section are
associated witi the state of the atmosphere and are, therefore,
essentially definitions of the value of the parameter for
the specified state. The parameters covered are those associated
with trie following: the heat requirements for the change of phase
of water; the partial pressure of water vapor over liquid and
sol id plane water surfaces; the Temperature at saturation of air
cooled at constant pressure with no change in water vapor content;
the temperature of air cooled to saturation at constant pressure;
and the specific heat of liquid water.

Latent Heats

The latent heats are associated with the vapor-liquid, vapor-solid,
and liquid-solid phase changes of water. The latent heats can be
expressed as functions of temperature, T, with the techniques
given here using degrees Kelvin (convers;on to other temperature
units is prjvided in Table I) and the latent heat expressed
in ITcal - (conversion to other units is provided in Table II).

The latent heat associated with the liquid-vapor/vapor-liquid
phase changes is the latent heat of vaporization, L . It
can be approximated from V

L 754.817 -0.575 T (2)
v

The latent heat associated with the solid-vapor/vapor-solid phase
changes is the latent heat of sublimation, L . It can be
approximated from

2



TABLE I

TEMPERATURE UNIT CONVERSIONS

Unii Symbo I Unit Symbo I Conversion

Kelvin K Centigrade C K - 273.16

Fahrenheit F 1.8 (K - 273.16) + 32

Rankine 1.8 (K- 273.16) + 491.69

2l

TABLE 11

ITcal g-I UNIT CONVERSIONS

!.0 International Steam Tables Calorie (ITcal) = 1.00032 cal 1 5

l.0 ITcal g = 4.18684 x 107 cm2 sec 2

32 -2

4.18684 x 103 m sec

4.5057 x 10
4 ft2 sec-2

IThe conversions given here are based on the values provided by

List [5, p. 17].
2 The conversions given here are based on the values provided by

L;St [5, p. 14].

3



L = 98.777 + [335566.953 - IT -238I2] (3)S

The latent heat associated with the solid-liquid/liquid-solid
phase changes is the latent heat of fusion, Lf. It can be
approximated from

= (1.775/ -0.0023245T)T - 0,012 IT-2431 -231.494 (4)

The accuracy of Lv, Ls , and Lf is given in Table Ill.

Saturation Vapor Pressures

In neteorological parlance, saturation vapor pressure refers to
the partial pressure of water vapor for saturated conditions over
a plane surface of either liquid or solid water. The saturation
vapor pressure, expressed in millibars (conversion to other
pressure units is provided in Table IV), is a function of temperature
only.

The saturation vapor pressure associated with a plane liquid
water surface, es , is approximated by

w

e 10 (a+b+c+d+e) (5)s

where a = 23.83224
b = -5.02808 log-T (9 -

C = 8.328 - 3 X 10 (3.'344 - 1302.8844/T)

d = -1.3816 x 10- x 10 .... 0.0303998 T)

e = -2949.076/T

and the saturation vapor pressure associated with a plane sol id

water surface, es, is approximated b;

3Equations 5 and 6 are restatemenis of those given by List
[5, p. 350].

4
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TABLE I 14

PERCENTA'IE L-,RS IN THE NUMERICAL APPROXIMATIONS FOR CALCULATION
OF LATENT HEATS

Perceniage Errors in Latent Heats

Temperatu re
(C) Vaporization Sublimation Fusion

60 0.009
55 0.004
50 0.000
45 -0.004
40 0.009
35 0.004
30 0.017
25 0.030
20 3."43
15 0.058
10 0.051
5 0.0.
0 0.074 0.000 0.063

-10 0.083 0.003 0.108
-20 0.057 -0.005 -0.080
-30 0.000 0.005 -0.246
-40 -0.153 0.005 -0.462
-50 -0.445 -0.005 0.350
-60 0.003
-70 0.000
-80 0.001
-90 0.006
-100 0.000

4The comparative base for construction of this Table was that

provided by List [5, p. 343].



TABLE IV
5

PRESSURE ODNVERS IONS

03  -1 -2

1.0 millibars (m)) =1 gcm sec

1.4504 x 10 lb in

2.08854 lb ft
- 2

TABLE V6

PERCENTAGE ERRORS IN THE NUMERICAL APPROXIMATIONS FOR CALCULATION
OF SATURATION VAPOR PRESSURE AT SELECTED TEMPERATURES

Percen+age Errors
Temperature __

(C) e e
S S. w I

-00 0.003
-80 -0.015
-60 0.031
-40 0.017 0.008
-20 -0.003 -0.036
0 -0.004 -0.008

20 -0.004
40 -0.003
60 -0.004
80 -0.005
100 -0.004

5The conversions given here are based on the values provided by
List [5, p. 13].
-he comparative base for the constructicn of this table was that

provided by List [5, pp. 351-353 and 360-361].
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i

e = 10(a+b+c+d) (6)
S.

where a = 2.0702

b = -2484.99/T
c = 3.56654 log T

and d = -0.0032098 T

The percentage accuracies of the functions of e and e
are given in Table V7 . s5w s.

Dew Point Tenperature

The dew point temperature, Td, is that which unsaturated air, cooled
at constart pressure with no change in the water vapor mixing ratio,
would have at saturation. The process for approximating this temperature
is an iterative one, with the basis of closure being the difference
between the actuai vapor pressure determined from the dry bulb
temperature and relative humidity and the calculated vapo- pressure
of the dew point temperature. Assuming that the dry bulb temperature
and the relative humidity are known, the calculations are accomplished
as follows:

I. Select the accuracy desired in the vapor pressure
differences. The resulting number of iterations required for
various accuracies are proviced in Table VI.

2. Calculate the saturation vapor pressure of the dry
bulb temperature, es, using Eq. 5.

3. Calculate the desired vapor pressure at the dew point
temperature, e a, from the relationship

e rh
e s (7)a 100

4. Make an initial estimate of the dew point temperature.
The initial estimate in this report is found from a
restatement of an approximation given by '*w-n and
Longley [6, p. 226]: I

7 Applying the function statements stated here to all the values
providea by List [5, pp. 351-353; 360-361] the maximum
percentage error found was 0.04 percent.
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I

T 2340 i 8)
d 8.573 - Iog(O.16367ea )

a

5. Estabish an initial increment for tenperature iteration.
The initial increment of temperature, LT, used in this

report is determined from

AT = 7.7 -0.026Td  (9)

with the added condition that IATI>O.I.

6. Calculate the saturation vapor pressure corresponding
to the estimated Td, e s(T d), using Eq. 5 of Table V.

7. Find the error in this vapor pressure from

I00[ea -e e(Td)J

ero 0 ea -es (Td (10)error = I0

e a

If this error is smaIler than the value specified in
Step 1, STOP: the T currently being investigated is
acceptable as an estimate of the dew point tempera:ure.

8. If the sign of the error has changed from tie previous one
and the error is larger than the va!ue specified in Step I,
change At to AT.

9. Adjust the estimated value, Td, according to

e a  e e s (Td )

T : T + - AT (11)
a d lea _es(Td)I

and then RETURN TO STEP 6.

The accuracy of the dew point temperature is dependent on the

accuracy of Eq. 5 and the tenperature of the dew point. With a
closure accuracy requirement of 0.001 percent, the maxinum
error to be expected would range from 0.005 C at -50 C to
0.002 C at +100 C.

The percentage accuracies, exclusive of consideration of the
vaoor pressure function contributions, are provided in Table
VI.
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Wet Bulb TemperaTure

The wet bulb temperature, T, is that which unsaturated air, cooled
by the adiabatic evaporation of water at constant pressure with
no external source of heat, would have at saturation. Like the
dew point temperature of the preceding section, the process for
approximating this temperature is an iterative one, with the basis
of closure being the difference in vapor pressures. Assuming that
the dry bulb temperature and relative humidity are known, the

calcu~ations are accompl;shed as follows:

I. Select the accuracy desired in the vapor pressure
differences. The resulting number of iterations required
for various accuracies are provided in Table Vl.

2. Calculate the saturation vapor pressure of the dry bulb
temperature, es, using Eq. 5.

3. Calculate -the vapor pressure at the dew point temperature,
e a, from the relationship stated in Eq. 7.

4. Make an iri'tial estimate of the wet bulb temperature.
The initial eslimate in this report is found from a
consideration of the dew point temperature, Td, as
estimeted in Eq. 8, in the form

eaT + esT

T e aa sd (12)w e + e
a s

5. Make an initial estimate of the saturation vapor pressure
of the dew point temperature, e , using the expression
from List [5, p. 366] in the form

e e + 0.000(. P(I + 0.0011 T )(T -T ) (13)

w a w a w

6. Establish an initial increment for temperature iteration.
The initial increment of temperature, AT, used in this
report is determined from

AT = resT) - e] (3.3 - 0.0089Ta) (14)

IJ



where e (T) is found from Eq. 5, with the addedconditioSn 1h;Jt IdT!,>O2.

7. Calculate the saturation vapor pressure corresponding to
the estimated T , e (T I,I using Eq. 5.

S wV

8. Calculate the vapor Dressure, e, using Eq. 13.

9. Find the error beiween the two vapor pressures (from
Steps 7 i.nd 8) from

[es(T) -e ] 100

error ( (15)
e
w

If th;s error is smaller than the value specified in
Step I, STOP: the T currently being investigated is
acceptable as an esimate o: the wet bulb temperature.

10. If the sign of the error has changed from the previous one and
the error is larger then the value specified in Step I, change
AT to hAT.

II. Adjust the estinerea value, T , according lo

T = T + AT (16)
w w

where AT is positive if e (T) < e and negative if
e (T) > e . FETURN TO TEP 7. wS w +4

As for the dew point temperature, the accuracy of the wet
bulb temperature is mainly dependent on the accuracy of Eq. 5
and the tempero;ur- of the wet bulb.

II



Specific Heat of Liquid Water

The amount of heat required to rais. one gram of liquid water one
degree K is the specific heat of water, c . The function for estimating
the value of c results from a curve fitting of the data given
by List [5, p. 3431. The functioa is

0.3021

c = 0.979 (85-0 308 (17)..... 2 8.1. T-308)

The accuracy of the application of this function with the
values from List [5, p. 343] is summarized in Table VII.

METEOROLOGICAL PROCESS PARAMETERS

The meteorological parameters described in this section are associated
with meteorologica! processes. The parameters covered are: (I)
the temperature air would have after it has been lifted (dry ad'abatically
with no change in water vapor mixing ratio) from an initial Ievel
until saturation is reached, which corresponds to the temperature
of the lifting condensation level (LCU); (2) the time rate of change
ef the mass of freely falling water drops; and (3) the temperature
resulting from noving air from one pressure level to another in
a maintained saturated state, which is the psuedo-adiabatic teperature.

Temperature of the LCL

The temperature of the LCL T is computed from the dry

bulb temperature, T, and the ew point temperature, Td, of

the initial level in a restatement of the formuidtion provided

by Inman [7], namely

TLC L  T d + (0.098 -0.001571 Td + 0.000436 T ) (T a-T ) (18)

12



TABLE VII

PERCENTAGE ERROR IN THE NUMERICAL APPROXIMATIONS -OR THE
CAL-CULATION OF THE SPECIFIC HEAT OF LIQUID WATER

ieroperature Percentage Error of
(C) c

-50 0.000
-40 0.785
-30 -0.609
-20 -0.417
-10 -0.316
C -0.006
5 0.087

10 0.132
15 0.144
20 0.146
25 0.127
30 OJi08
35 0.084
40 0.108
45 0.137
50 0.176
55 0.234
60 0.322 1

I

131



The accuracy of the approximation is given in Table Vill, where
the comparative base is that provided by Nordquist [8].
These values were computed using an iterative scheme, which
had a closure of 0.001 percent in determination of the LCL water
vapor mixing ratio.

Change of Mass of Freely Falling Water Drops

The construction of numerical models which contain consideration
of liquid water require that some method be established for
considering the mechanism of evaporation. The parameterization
used here is based on the method proposed by Kessler [9, pp.
29-30] using the data provided by Kinzer and Gunn [iOJ.
The basis of the approximation is that the change in mass due to
evaporation can be expressed in the form

dM BA (e -e ) d (19)dT s a

The two approximations provided here are based on "best"
fits of the Kinzer and Gunn data to Eq. (19), one as the
equation stands and the other including a temperature
dependence. The first approximation is

dM= 0.0152 (e -e ) d 1.615 (20)

FI s a

while the second is

dM1 - 0.025(T -20~ dM1 l (21)
dJ2 = [1 -O a-2O)] dL,

The accuracy of these approximations for selected conditions is
given in Table IX, with the Kinzer and Gunn data as the
comparative base.

14
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TABLE VIII

ERROR (C) OF THE LIFTING COlNDENSAT ION LEVEL
TEW4ERATURE FUINCTION

Initial Initial Relative Humidity()
Temperature __________________________

(c) 90 70 50 30 10

-20 -0.015 -0.015 -0.013 0.008 0.045

0 0.007 0.007 0.005 -0.002 0.009

+20 0.013 0.014 0.011 -0.004 -0.038

+40 0.021 0.029 0.030 0.004 -0.072

15



- J'''-w-W. ,, ,""V ---P

TABLE IX1
0

PERCENTAGE ERROR OF THE dM/dt APPROXIMATIONS FOR FREEI Y
FALLING WATER DROPS FOR SELECTED CONDITIONS

Temperature

Drop Relative
Diameter 0 C 40 C Humidity

(cm) (%)
(dM/dt) 2 (dM/dt) 2  (o'dt)I (dM/dt)2

0.02 50 29 -43 40 10
45 29 -84 38 50
44 28 -90 36 90

0.08 33 4 -96 17 10
33 5 -102 15 50
32 3 -109 12 90

0.20 32 3 -106 13 10
32 4 -112 II 50 k

31 2 -119 8 90 4
0.30 43 18 -84 22 10

43 19 -89 20 50

42 17 -96 17 90

0.36 50 29 -64 31 10
50 29 -63 29 50
49 28 --4 27 90

10While these percentage errors are quite large, they relate to rather

small numbers, and are adequate for those problems where the cloud
physics are treated in a gross sense.

16
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3aturation-Adiabatic Temperatures

Air moved adiabatically from one pressure level to another in a
saturated state can take on one of two different values,
depending on the dispositio.n of the water content of the air.
If the total water content remains oonstant, the process is
reversible and the resulting tenperature is the saturation-adiabatic
temperature, T . If the total water content decreases by the amount
of liquid water present s" that the process is irreversible,
the resulting temperature is the psuedo-adiabatic Temperature,
T.

m

The technique for determining these temperatures requires use
of the statemeni of the First Law of Thermodynamics, based onthe definitions provided by Beers [i, p. 359], in the form

cpdT RT d(Pt-e) + T d( L + c (X + X )dT 0 (22)
p (P-es ts T ws w

where

X - (23)s (P,-e s

and the Clausius-Clapeyron Equation is

L e

de - dT (24)
RT

2

Differentiation of Equations (2) and (23), and substitution

along with Equation (24) into Equation (22), yields after
rearrangerrent

17
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RT * LX

o' = v s (25)

3Y (P -e )c + c (X + X )-0.575X + X sLv t
-t s)  + ws w RT2es

To establish a value for the saturation-adiabatic teaperature,
it is assumed That no hydrooeteors are within the air at the
start of the process, so that (X + X) X(TP) =X .
Thus s w s o 0 z

- RT + LX
dT s v__ss X.2lAvPt (26)

ciP (P .-e St + c X -0.575X + 5 vt

For the psuedo-adiabatic tenperature, it is assumed that all
the liquid water is removed from the air, so that X = 0.
Thus W

RT + LvX

dm z (27)

dTm e 'I + cwXs-0.575Xs + R A
(P-- £p Re s l I

For many meteorologicfl problems it is sufficient to assume that
the partial pressure exerted by the air is much larger than that exerted
by the water vapor included in the air, that the relative mass of the
water vapor is small compared to the mass of the air, and that the
latent heat of vaporization is constant. With these assumptions, Eq.
(22) can be expressed as

cdT dP + L dX = 0 (28)
p P t v s

18



and Eq. (23) can be expressed as

X S(29)
s Pt

Hete T Xis used to designate this meteorological approximation
to the psuedo-adiabatic temperature

dT RT + Lx:

___ __ ___e_ __s_ (30)

dPt 2pt

S)

where for each Equation (26), (27), and (30), e and L are
assumed to be functions of Ts Tml, or T x, as apropriaYe.

The solution of these equations is sought by yring a second-order
predictor-corrector method [12, pp. 385-386] , where Ithe initial
step is accompl ished using

+ - (31)

Thereafter, a first approximation "predictor" is made using

T T + 2 L P(32)

and the "corrector" is

I IA systems sub-program for the Un ivac 1 108 computer i s ava iIab le
for accomplishing this integration in a more general manner
[18, sec. 11, p.11.
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The "corrector" is repeated =ti i

;i +I < specified closure (34)

To provide some indication of th~e validity of this integration
technique, the expression

dx = 0.5 y-0 5+l (35)
dy

was integrated fro? y=l to y=30, with a Ay of 0.01 and a closure i
requirement of 10 . The results are given in Table X.

While an accuracy analysis of the saturation- and psuedo-adiabatic

temperatures is not possible due to a lack of a suitable

coparative base, it is possible to compare the results with those
obtained by another approximation method [5, p. 318]. The
comparisons are given in Table XI and include the values provided
by List [5, pp. 320-321] for psuedo-adiabatic temperatures
with initial conditions of 1096.7 mb and 14C, program
requirements of Ap = 2 rb, and a closure requirement of 10- .
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TABLE X

CW3xR1 O 7K RhESLTS OF T M (VL HETWC%FCR SOLVING A
DIFFRTTIAL EMA TD0e 93FLIED TO dxy z I

Vaue of y Initial Value Value of x Difference of
Integration x = y-% + y Values of X

fercentage

2 I 3.41421 3.41421 -0.00004

4 I 6.00000 6.00000 -0.00006

6 I 8.44949 8.44949 -0.00006

8 I 10.82843 10.82843 -0.00006

16 I 20.00000 20.00001 -0.0000(

25 1 30.00000 30.00001 -0.00004

30 1 35.47723 35.47723 -0.00002 1I

i
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TABLE xi

WUOOAPHSN OfG SAT PATICN-AMIs IC IEJ EMATUiES (C)

PRESSURE PREMO4LIART IC SATUM~TS- &IAAT IC

LIST CALCUMATED (U.ATED MT AP0MX

1096.7 14.0 14.0 14.0 14.0
1046.7 12.0 12.0 12.0 12.0
I000.0 10.0 10.1 10.0 10.0
957.0 8.0 8.1 8.1 8.1
915.0 6.0 6.1 6.1 6.1
876.0 4.0 4.2 4.1 4.1
840.0 2.0 2.2 2.2 2.1
805.0 .0 .2 . I .1
773.0 -2.0 -I .7 -I .8 -1 .9
744.0 -4.0 -3.6 -3.7 -3.8
715.0 -6.0 -5.6 -5.7 -5.8
688.0 -8.0 -7.5 -7.7 -7.8
663.0 -10.0 -9.4 -9.6 -9.7
638.0 -12.0 -11.4 -11.7 -11.8
616.0 -14.0 -13.3 -13.6 -13.7
595.0 -16.0 -15.2 -15.5 -15.6
573.0 -18.0 -17.2 -17.6 -17.8
554.0 -20.0 -19.1 -19.6 -19.7
536.0 -22.0 -20.9 -21.5 -21.6
518.0 -24.0 -22.9 -23.5 -23.6
502.0 -26.0 -24.7 -25.3 -25.5
485.0 -28.0 -26.7 -27.4 -27.6
470.0 -30.0 -28.5 -29.3 -29.5
454.0 -32.0 -30.6 -31.4 -31.6
440.0 -34.0 -32.4 -33.4 -33.5
426.0 -36.0 -34.4 -35.4 -35.5
413.0 -38.0 -36.2 -37.3 -37.5
400.0 -40.0 -38.1 -39.3 -39.4
387.5 -42.0 -40.0 -41.3 -41.4
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TAEUE Zo cc=x)

MWAR I MS f 9MMTI M-AGflAaT CC TE*WSWO UPES X)C

LIST MMAED CUMATD 9ET APFi

375.3 -44.0 -42.0 -43.3 -43.4
353.5 -46.0 -43.9 -45.3 -45.4
352. -48.0 -45.8 -47.2 -47.4
341.0 -50.0 -47.7 -49.2 -49.4
330.2 -52.0 -49.f- -51.2 -51.4
319.7 -54.0 -51.5 -53.2 -53.4
309.5 -56.0 -53.4 -55.2 -55.4
299.6 -58.0 -55.3 -57.2 -51.3
289.9 -60.0 -57.2 -59.2 -59.3
280.5 -62.0 -59.1 -61.2 -61-3
271.3 -64.0 -61.0 -63. 1 -63.3
262.3 -66.0 -62.9 -65.1 -65.3
253.6 -68.0 -64.7 -67. 1 -67.3
245.1 -70.0 -66.6 -69.1 -69.3
236.8 -72.0 -68.5 -71.1 -71.3
228.7 -74.0 -70.3 -73.1 -73.2
220.8 -76.0 -72.2 -75.1 -75.2
213.2 -78.0 -74.0 -77.1 -77.2
205.7 -80.0 -75.8 -79.1 -79.2
198.4 -82.0 -77.7 -81.1 -81.2
191 .3 -84.0 -79.5 -83.0 -83.2
184.3 -86.0 -81.3 -85.0 -85.2
177.6 -88.0 -83.0 -87.0 -87.2
171.0 -90.0 -84.8 -89.0 -89.2
164.6 -92.0 -86.5 -91.0 -91.2
158.4 -94.0 -88.3 -93.0 -93.2
152.4 -96.0 -89.9 -95.0 -95.1

23
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d*So 1that (l) Ithe feftad ariht tbe do nit&ed fer u- tj OreS
C2, Ie an1tgesof Ore resuwlits of a;99flin the terc~qe~s
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